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Tracking curvaton„s…?

Massimo Giovannini*
Theoretical Physics Division, CERN, CH-1211 Geneva 23, Switzerland

~Received 1 October 2003; published 9 April 2004!

The ratio of the curvaton energy density to that of the dominant component of the background sources may
be constant during a significant period in the evolution of the Universe. The possibility of having tracking
curvatons, whose decay occurs prior to the nucleosynthesis epoch, is studied. It is argued that the tracking
curvaton dynamics is disfavored since the value of the curvature perturbations prior to curvaton decay is
smaller than the value required by observations. It is also argued, in a related context, that the minimal
inflationary curvature scale compatible with the curvaton paradigm may be lowered in the case of low-scale
quintessential inflation.
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I. INTRODUCTION

The isocurvature fluctuations generated by a fielde that is
light during the inflationary phase and later on decays,
efficiently produce adiabatic curvature perturbations. T
idea has recently been discussed in different framewo
ranging from the context of conventional inflationary mod
@1,2# to the case of pre-big-bang models@3,5,4#. It is appro-
priate to recall that an earlier version of this proposal w
discussed in@6#, not with the specific purpose of convertin
isocurvature into adiabatic modes, but rather with the h
of providing physical initial conditions for the baryon isocu
vature perturbations.

A common feature of various scenarios@7–16# is that the
energy density of the homogeneous component of this l
curvaton field decreases more slowly than the energy den
of the background geometry. In the simplest realization,
Universe suddenly becomes dominated by radiation, as s
as inflation ends. During the radiation epoch, the homo
neous component of the curvaton field is roughly const
down to the moment when the Hubble parameter is com
rable with the curvaton mass, i.e.H;m. The energy density
of the oscillating curvaton field then decreases asa23, where
a is the scale factor of a conformally flat Friedman
Robertson-Walker~FRW! Universe. Since the energy densi
of the background radiation scales asa24, the ratio

r ~a!5
re~a!

r r~a!
~1.1!

will increase asa. Both a different post-inflationary histor
and a different potential will produce deviations from th
scaling law. In particular, if the potential is not exactly qu
dratic ~or if the coupling of the curvaton to the geometry
not exactly minimal! @13# r (a) may decrease. If the pos
inflationary phase is not immediately dominated by rad
tion, r (a) may increase even faster thana. If, after the end of
inflation the inflaton field turns into a quintessence-like fie
@17# ~see also@15,18#!, the background energy density wi
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be dominated by the kinetic term of the quintessence field
this caser (h) increases asa3 @9#.

It is not impossible that the ratior (a) stays constant dur
ing a significant period in the post-inflationary evolutio
This subject will be explored in the present investigation
will be argued that this type of ‘‘tracking’’ phase is disfa
vored because the initial isocurvature mode will~rather ge-
nerically! turn into an adiabatic mode of much smaller am
plitude, making the whole scenario ineffective in correc
reproducing the amplitude of the large-scale fluctuations

One of the reasons to speculate on the possibility of tra
ing curvatons is that one would like to allow for mode
where the curvature scale, at the end of inflation, is mu
smaller than the value required, for instance, in single fi
inflationary models, where the curvature fluctuations are
rectly amplified during the inflationary phase. It will b
shown that if the inflationary phase is not followed sudde
by radiation but rather by a kinetic phase~as in the case of
quintessential inflation! the minimal allowed curvature scal
is a bit smaller than in the standard case of sudden radia
domination.

The present paper is organized as follows. In Sec. II
basic problem will be formulated. In Sec. III it will be show
that if the curvaton field tracks the evolution of the domina
component of the background the resulting adiabatic mod
smaller then the initial isocurvature mode. In Sec. IV t
lower bound on the inflationary curvature scale will be d
cussed. Finally, Sec. V contains some concluding remark

II. FORMULATION OF THE PROBLEM

For illustrative purposes it is useful to consider the ca
where the inflationary phase is suddenly replaced by
radiation-dominated phase. During inflation, the curva
field e should be nearly massless and displaced from
minimum of its potentialW(e):

]2W

]e2
!H i

2, ue i2e0u.H i , ~2.1!

where the subscript denotes the moment when the cos
logically interesting scales left the horizon during inflatio
©2004 The American Physical Society09-1
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Under the assumption that the Universe is dominated by
diation, the evolution equations for the background fields
be written1

MP
2H 25

a2

3
~re1r r!, ~2.2!

MP
2H852

1

3
@a2r r1e822Wa2#,

~2.3!

e912He81
]W

]e
a250, ~2.4!

r r814Hr r50, ~2.5!

where it has been assumed that the curvaton is minim
coupled to the background geometry. This assumption m
be relaxed by requiring, for instance, that the coupling
non-minimal. This would imply the addition, in Eq.~2.4!, of
a term going likecRe, whereR}H2 is the Ricci scalar of a
radiation-dominated FRW background. The addition of su
a term is expected to lead to a decrease ofr (a) @13# even
prior to the true oscillatory phase taking place whenH
;m. For the purposes of the present section, it is usefu
parametrize the evolution ofe in terms ofr 5re /r r . In this
case

e8252MP
2Ha4S r

a4D 8
,

]W

]e
a252

1

a2
~a2e8!8, ~2.6!

where the first equation has been obtained by taking the
rivative of the definition ofr and by subsequent use of E
~2.4!.

Providedr (h i)!1, three possible physical situations m
arise. Ifr 8.0, the curvaton field will become, at some poin
dominant over the background density. Ifr 8,0 , the curva-
ton field will never dominate over the background geome
The third possibility is to haver 8.0, which is the case to be
discussed in the following. Even if examples will be pr
vided in the framework of specific potentials, it is better,
this stage, to think of the potential as a function of the ra
r, as suggested by Eqs.~2.6!. The perturbation equations re
evant in order to study the dynamical evolution of the fielde
are obtained by linearizing the evolution equations to fi

1Units MP5(8pG)21/2 will be adopted. The variableh denotes
the conformal time coordinate whilet denotes the cosmic time
Derivatives with respect to either conformal or cosmic time will
denoted, respectively, by a prime and by an overdot. Finally,
expansion rate, in the conformal and cosmic time coordinates

be denoted byH5a8/a and byH5ȧ/a.
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order in the amplitude of the metric fluctuations. In gene
terms, the scalar fluctuations of a conformally flat metric
the type

ḡmn5a2~h!hmn , ~2.7!

can be parametrized as

d (1)g0052a2~h!f,

d (1)gi j 52a2~h!~cd i j 2] i] jE!,

d (1)g0i52a2~h!] iB, ~2.8!

wheref, c, B andE are the four scalar degrees of freedo
of the perturbed metric;d (1) denotes the first order fluctua
tion of the corresponding quantity. Since the infinitesim
coordinate transformations preserving the scalar nature o
fluctuation have two parameters, out of the four scalar fl
tuations defined in Eq.~2.8!, two gauge-invariant Bardee
potentials can be defined, i.e.

F5f1H~B2E8!1~B2E8!8,

C5c2H~B2E8!. ~2.9!

The first order perturbation of the Einstein equations,
the curvaton equations and of the covariant conservation
the energy-momentum tensor of the fluid can be written,
spectively, as

d (1)Rm
n 2

1

2
dm

n d (1)R5
1

MP
2
d (1)Tm

n 1
1

MP
2
d (1)T m

n ,

~2.10!

ḡmn@]m]nd (1)e2d (1)Gmn
s ]se1Ḡmn

s ]sd (1)e#

1d (1)gmn~]m]n2Ḡmn
s ]se!1

]2W

]e2
d (1)e50,

~2.11!

]md (1)T n
m2d (1)Gmn

a T̄a
m2Ḡmn

a d (1)T a
m1d (1)Gma

m T̄n
a

1Ḡma
m d (1)T n

a50, ~2.12!

where Tm
n is the energy-momentum tensor of the curvat

andT m
n is the energy-momentum tensor of the fluid sourc

In terms of the two gauge-invariant Bardeen potentials
fined in Eq. ~2.9! the gauge-invariant fluctuations of th
energy-momentum tensors can be written as

e
ill
9-2
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d (gi)Ti
j5

1

a2 Fe82F2e8x81
]W

]e
a2xG ,

d (gi)T0
05

1

a2 F2e82F1e8x81
]W

]e
a2xG ,

d (gi)Ti
05

1

a2
e8x,

d (gi)T i
j52

1

3
dr rd i

j

d (gi)T 0
05dr r

d (gi)T i
05

4

3
r r] iu, ~2.13!

where

x5d (1)e1e8~B2E8! ~2.14!

is the gauge-invariant fluctuation of the curvaton and

dr r5d (1)r r1r r8~B2E8!,

u5d (1)u1~B2E8! ~2.15!

are, respectively, the gauge-invariant fluctuations of the fl
energy and of the velocity potential. Inserting Eqs.~2.13!–
~2.15! into the (i , j ) component of Eqs.~2.10! the following
relation is obtained:

] i]
j~F2C!50, ~2.16!

implying F5C. From the (0,0), (i 5 j ) and (0,i ) compo-
nents of Eq.~2.10! and using the background equatio
~2.2!–~2.5!, the following equations can be, respectively, o
tained:

¹2F23H~HF1F8!

5
a2

2MP
2
r rd r1

1

2MP
2 F2Fe821e8x81

]W

]e
a2xG ,

~2.17!

F913HF81~H 212H8!F

5
a2

6MP
2
r rd r2

1

2MP
2 FFe822e8x81

]W

]e
a2xG ,

~2.18!

HF1F85
e8

2MP
2
x1

2

3MP
2

ua2r r , ~2.19!
08350
d

-

whered r5dr r /r r and where Eq.~2.16! has been used. Fi
nally, using Eqs.~2.13!–~2.15! and ~2.16! into Eqs. ~2.11!
and ~2.12! the explicit form of the remaining equations wi
be

x912Hx82¹2x1
]2W

]e2
a2x24e8F812

]W

]e
a2F50,

~2.20!

d r824F82
4

3
¹2u50, ~2.21!

u82
1

4
d r2F50, ~2.22!

where Eq.~2.20! is the perturbed curvaton equation; Eq
~2.21! and~2.22! correspond to the~0! and~i! components of
Eq. ~2.12!.

Introducing the useful notationx5 ln(h/hi) , Eqs. ~2.17!,
~2.18! and ~2.20! can be written, in Fourier space,

dFk

dx
1Fk

52
d r~k!

2
2

1

6MP
2 F2FkS de

dxD
2

1
de

dx

dxk

dx

1e4xh i
2]W

]e
xkG , ~2.23!

d2Fk

dx2
12

dFk

dx
2Fk

5
d r~k!

2
2

1

2MP
2 FFkS de

dxD
2

2
de

dx

dxk

dx
1e4xh i

2 ]W

]e
xkG ,
~2.24!

d2xk

dx2
1

dxk

dx
1e4xh i

2]2W

]e2
xk24

de

dx

dFk

dx
12

]W

]e
e4xh i

2Fk50.

~2.25!

Combining Eqs.~2.23! and ~2.24!,

d2Fk

dx2
13

dFk

dx
1

1

3MP
2 FFS de

dxD
2

2
de

dx

dxk

dx
12e4xh i

2]W

]e
xkG

50. ~2.26!

Imposing isocurvature initial conditions right at the onset
the radiation dominated epoch implies, for long-wavelen
modes:

Fk~h i!50, Fk8~h i!50, xk~h i!5xk
(i) , xk8~h i!50.

~2.27!

In terms ofRk , the gauge-invariant spatial curvature pertu
bations,
9-3
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Rk52S Fk1H
HFk1Fk8

H 22H8
D , ~2.28!

the initial conditions given in Eq.~2.27! imply Rk(h i)50.
From the Hamiltonian constraint, recalling Eq.~2.27!, the
relation between the initial density contrast and the ini
curvaton fluctuation can be obtained

d r
(i)~k!52F]W

]e G
h i

xk
(i)

r r
(i)

, ~2.29!

where d r
(i) (k)5d r(k,h i) . Using the observation that, from

Eq. ~2.21!, the quantityd r(k)24Fk is conserved in the long
wavelength limit the initial value of the isocurvature mo
can be related to the final values both of the Bardeen po
tial and of the curvaton fluctuation. On this basis, use
analytical relations will be derived and later compared w
the numerical solutions. From Eq.~2.29! and taking into ac-
count Eq.~2.27!, the Hamiltonian constraint of Eq.~2.23!
leads to the relation

d r
(f)~k!54Fk

(f)2F]W

]e G
h i

xk
(i)

r r
(i)

, ~2.30!

where the superscript ‘‘f’’ denotes the final~constant! value
of the corresponding quantity. In the caser 8.0, from Eq.
~2.6!

e8.2HMPAr . ~2.31!

Then Eqs. ~2.23!–~2.25! admit a solution with constan
mode. Equation~2.25! and the combination of Eqs.~2.23!
with ~2.30! lead, respectively, to the following two relation

]2W

]e2
xk

(f)12
]W

]e
Fk

(f)50, ~2.32!

Fk
(f)5

1

6 S ]W

]e D
h i

xk
(i)

r r
(i)

, ~2.33!

which allow, in turn,xk
(f) to be determined in terms ofxk

(i) ,
namely,

S ]2W

]e2 D
h f

xk
(f)52

1

3 S ]W

]e D
h i

S ]W

]e D
h f

xk
(i)

r r
(i)

. ~2.34!

Defining now the constant value ofr as r c , the previous
results imply

Fk
(f).2

Ar c

9
x̃k

(i)1O~r c!, ~2.35!

where x̃k5xk /MP. From Eq.~2.35! it also follows, using
Eq. ~2.32! together with Eq.~2.6!
08350
l

n-
l

xk
(f).2

2r c

9
xk

(i) . ~2.36!

Equations~2.35! and~2.36! imply thatFk
(f) is always smaller

~by a factorAr c!1) than the value of the curvaton fluctua
tions at the end of inflation. Hence, even assuming that
curvaton fluctuations are amplified with flat spectrum, i
xk

(i);H i /(2p), the final value of the produced adiabat
mode Fk

(f) will always be phenomenologically negligible
The value ofxk

(f) will be even smaller. In the second plac
the above equations are derived assuming that, in
asymptotic regime, the following relation holds:

1

ė2 S ]W

]e D 2U
h f

.
1

4 S ]2W

]e2 D U
h f

. ~2.37!

The relation~2.37! holds exactly in the case of exponenti
potentials of the typeW(e)5W0e2e/L. In this case the so-
lution for e is obtained by solving Eq.~2.4! in a radiation-
dominated background, with the result that

e~h!5e i1e1ln~h/h i!, ~2.38!

where e154L and r c54(L/MP)
2. This remark already

rules out a curvaton potential, which is purely exponen
down to the moment of curvaton decay. In this case E
~2.35! and~2.36! imply the smallness of the obtained curv
ture perturbations. However, it is also suggestive to think
the case where the curvaton potential is not purely expon
tial @19,20#. The question would be, in this case, if the ne
features of the potential allow a radically different dynam
of the fluctuations.

III. EXPLICIT EXAMPLES

In order to discuss a physically realistic situation, co
sider as an example the following potential

W~e!5W0@cosh~e/L!21#a, ~3.1!

which has been studied, for instance, in the context of qu
tessence models@21#. In spite of this formal analogy, in the
present case, the fielde will decay prior to big-bang nucleo
synthesis and it will not act as a quintessence field. With t
caveat, also other quintessential potentials~see, for instance
@22# for a comprehensive review! may be used, in the presen
context, to construct physical models. The class of potent
~3.1! has the property that whenue/Lu@1 the potential ad-
mits solutions where the ratio between the curvaton ene
density and the radiation energy density is, momentar
constant. On the other hand, whenue/Lu>1 the curvaton
oscillates. Consider, for concreteness, the simplest c
namely,

W~e!5M4@cosh~e/L!21#, ~3.2!

where the oscillations are quadratic since, forue/Lu!1,
9-4
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W~e!.
M4

2L2
e2. ~3.3!

Using the notation

ẽ5
e

MP
, m5

L

MP
, n5

M

MP
, j5

H i

MP
, ~3.4!

the evolution of the curvaton is determined by the followi
equation:

d2ẽ

dx2
1

dẽ

dx
1e4x

n4

mj2
sinh~ ẽ/m!50. ~3.5!

The constraints of Eq.~2.1! imply, in the present case,

M4

L2
e2e i /L!H i

2, ue iu.L, ue iu@H i . ~3.6!

The ratio between the curvaton energy density and
radiation energy density can be expressed as

r ~x!5
1

6
S dẽ

dx
D 2

1
n4

3j2
e4x@cosh~ ẽ/m!21#. ~3.7!

The initial data@obeying the conditions~3.6!# for the evolu-
tion of the homogeneous component of the curvaton field
set during the inflationary epoch in such a way thatu ẽ iu
.m. Since the potential is essentially exponential, in t
regime the field will be swiftly attracted towards the tracki
solution, where the critical fraction of curvaton’s energy de
sity will be constant. In this regime the solution can be a
proximated by

ẽ52 ẽ014mx, ẽ05m lnS 8m2j2

n4 D . ~3.8!

WhenH2;M4/L2;M2n2/m2, i.e.

xm5
1

4 F11 lnS 8m2j2

n4 D G , ~3.9!

the curvaton will start oscillating in the minimum of its po
tential. During the tracking phaser (x).r tr54m2!1. Dur-
ing the oscillatory regime the energy density of the curva
will decrease asa23 so that

r ~x!54m2S a

am
D , x>xm. ~3.10!

Let us now write, as a first step, the evolution equatio
for the fluctuations in the case when the background after
end of inflation is suddenly dominated by radiation:
08350
e

re
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n

s
e

dFk

dx
1Fk52

d r~k!

2
2

1

6 F2FkS de

dxD
2

1
dẽ

dx

dx̃k

dx

1e4x
n4

mj2
sinh~ ẽ/m!x̃kG , ~3.11!

d2Fk

dx2
12

dFk

dx
2Fk5

d r~k!

2
2

1

2 FFkS dẽ

dx
D 2

2
dẽ

dx

dx̃k

dx

1e4x
n4

mj2
sinh~ ẽ/m!x̃kG , ~3.12!

d2x̃k

dx2
1

dx̃k

dx
1e4x

n4

m2j2
cosh~ ẽ/m!x̃k24

dẽ

dx

dFk

dx

12
n4

mj2
e4xsinh~ ẽ/m!Fk50, ~3.13!

d

dx
@d r~k!24Fk#50. ~3.14!

Combining Eqs.~2.23! and ~2.24!

d2Fk

dx2
13

dFk

dx

1
1

3 FFkS dẽ

dx
D 2

2
dẽ

dx

dxk

dx
12e4x

n4

mj2
sinh~ ẽ/m!x̃kG50.

~3.15!

The evolution equations ofe and of the fluctuations can b
numerically integrated. Analytical approximations can a
be obtained. In Fig. 1 the numerical results are illustrated,
a typical set of parameters, in terms ofr (x) as defined in Eq.
~3.7!. It can be appreciated that after a phase wherer 8.0,
the energy density of thee will decrease, implying that
r (x);ex. In Fig. 2 the evolution ofe(x) is reported. The

FIG. 1. The numerical results for the evolution ofr @see Eq.
~3.7!# are reported.
9-5
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numerical results~full line! are compared with the analytica
approximation~dashed line!. In fact, a useful analytical ap
proximation to the whole evolution can be obtained
matching the solution~3.8!, valid during the tracking regime
with the exact solution~of the approximate potential! valid in
the oscillating regime. In order to do so it is useful to wr
the evolution equation forẽ as

d2ẽ

dy2
1

3

2y

dẽ

dy
1 ẽ50, y5e2x

n2

2mj
, ~3.16!
ion

o

b

e

08350
whose solution is

ẽ~x!5e2x/2FAJ1/4S e2x
n2

2mj D1BY1/4S e2x
n2

2mj D G , x.xm,

~3.17!

where the numerical constants
A5

exm/2pH 24mjY1/4S e2xmn2

2mj D2e2xmn2Y5/4S e2xmn2

2mj D F4xm2 logS 8m2j2

n4 D G J
4j

,

B5

exm/2pH 4mjJ1/4S e2xmn2

2mj D1e2xmn2J5/4S e2xmn2

2mj D F4xm2 logS 8m2j2

n4 D G J
4j

, ~3.18!
the
w.

. 3

the
of

ten

ti-
have been obtained by continuous matching of the solut
in xm. In more explicit terms

A52pe1/8225/8@2Y1/4~A2e!1A2eY5/4~A2e!#n21/2m5/4j1/4

521.701463n21/2m5/4j1/4,

B5pe1/8225/8@2J1/4~A2e!1A2eJ5/4~A2e!#n21/2m5/4j1/4

53.984723n21/2m5/4j1/4. ~3.19!

According to Fig. 2, the analytical approximation, based
the continuity of the solutions of Eqs.~3.8! and~3.17! com-
pares very well with the numerical calculation.

Using the results for the evolution ofe(x) the amount of
the fluctuations produced during the oscillating phase can
estimated. In Figs. 3 and 4, the numerical evolution forFk

FIG. 2. The full line illustrates the numerical result while th
dashed line shows the analytical approximation based on Eq.~3.17!.
s

n

e

andRk are reported. After a flat plateau corresponding to
phase wherer (x) is constant, the adiabatic fluctuations gro
However, the final value of the adiabatic fluctuations~com-
puted, for instance, at the moment whene decays! will al-
ways be very small. In the integrations reported in Figs
and 4 initial conditions are set according to Eqs.~2.27!. In
order to understand the smallness of the final value of
adiabatic fluctuations, recall that the asymptotic solution
the perturbation equations during the tracking can be writ
as

Fk
(m)52

2

9
mx̃k

( i ) , xk
(m)52

4

9
m2x̃k

(i) , ~3.20!

FIG. 3. The numerical evolution ofFk illustrated in the case
whereM51024MP, L51028MP andHi51023M . Notice that the
constant value ofFk is correctly reproduced by the analytical es
mate given in Eq.~3.20!.
9-6
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implying that

R k
(m)52

3

2
Fk2

1

2

dFk

dx
5

1

3
mx̃k

( i ) . ~3.21!

The values obtained in Eqs.~3.20! and~3.21! are in excellent
agreement with the amplitude of the flat plateau occurr
prior to xm ~which is about 6.5 for the parameters chosen
Figs. 3 and 4!. Different choice of parameters lead to th
same qualitative features in the evolution of the fluctuatio

During the oscillating regime

dRk

dx
.

]W

]e

xk

r r
, r ~x!54m2e(x2xm), x.xm.

~3.22!

These solutions hold down to the moment of decay occur
at a typical curvature scale

Hd;S M2

L D 3

MP
22, ~3.23!

where it has been taken into account that the effective m
is, during the oscillating phaseM2/L. Integrating the evolu-
tion equation forRk it can indeed be obtained using Eq
~3.20!–~3.22!

R k
(d)5R k

(m)12
r d

m
xk

(m).
m

3 S 12
8

3
r dD x̃k

(i) , ~3.24!

where r d5r (xd) and xd is determined through Eq.~3.23!.
Sincem!1 ~to ensure thate does not dominate already du
ing the tracking phase! and sincer d<1, Eq. ~3.24! implies
that the final valueR k

(d) will be much smaller thanx̃k
(i)

;j/(2p).

IV. MINIMAL INFLATIONARY SCALE

In the standard curvaton scenario the energy density of
curvaton increases with time with respect to the energy d
sity of the radiation background. From this aspect of
theoretical construction, a number of constraints can be
rived; these include an important aspect of the inflation

FIG. 4. The numerical evolution ofRk is reported for the same
set of parameters discussed in Fig. 4.
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dynamics occurring prior to the curvaton oscillation
namely the minimal curvature scale at the end of inflat
compatible with the curvaton idea. It has been shown, in
previous sections, that to have a phase of tracking curva
unfortunately, does not help. In the present section
bounds on the inflationary curvature scale will be review
with particular attention to the case where the po
inflationary phase is not suddenly dominated by radiat
like in the case of quintessential inflation@17,9#.

A. The standard argument

First the standard argument will be reviewed~see@14# for
a particularly lucid approach to this problem!. Suppose, for
simplicity, that the curvaton fielde has a massive potentia
and that its evolution, after the end of inflation, occurs dur
a radiation dominated stage of expansion. The fielde starts
oscillating at a typical scaleHm;m and the ratio between
the curvaton energy density and the energy density of
radiation background is, roughly,

r ~ t !.S e i

MP
D 2S a

am
D , H,Hm. ~4.1!

Whene decays the ratior gets frozen to its value at deca
i.e. r (t).r (td)5r d for t.td . Equation~4.1! then implies

m5
e i

2

r dMP
. ~4.2!

The energy density of the background fluid just before de
has to be larger than the energy density of the decay p
ucts, i.e.r r(td)>Td

4 . Since

r r~ td!.m2MP
2S am

ad
D 4

, ~4.3!

the mentioned condition implies

m

Td
A m

MP
.1, ~4.4!

which can also be written, using Eq.~4.2!, as

S e i

MP
D 3

>r d
3/2S Td

MP
D . ~4.5!

Equation~4.5! has to be compared with the restrictions co
ing from the amplitude of the adiabatic perturbations, wh
should be consistent with observations. Ife decays before
becoming dominant the curvature perturbations at the tim
decay are

Rk~ td!.
1

r r

]W

]e
xu td.r d

xk
i

e i
. ~4.6!

Recalling thatxk
i ;H i /(2p) the power spectrum of curva

ture perturbations
9-7
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P 1/2.
r dH i

4pe i
.531025 ~4.7!

implies, using Eq.~4.5! together with Eq.~4.2!,

S H i

MP
D>10243r d

21/2S Td

MP
D 1/3

. ~4.8!

Recalling now thatr d<1 andm,H i , the above inequality
implies that, at most,H i>10212MP if Td;1 MeV is se-
lected. This estimate is, in a sense, general since the spe
relation betweenTd andHd is not fixed. The bound~4.8! can
be even more constraining, for certain regions of param
space, if the conditionTd>AHd MP is imposed withHd

.m3/MP
2 . In this case, Eq.~4.8! implies H i

2>1028mMP,
which is more constraining than the previous bound for s
ficiently large values of the mass, i.e.m>1024H i . Thus, in
the present context, the inflationary curvature scale is bo
to be in the interval 10212MP<H i<1026MP.

B. Different post-inflationary histories

Consider now the case where the inflationary epoch is
immediately followed by radiation. Different models of th
kind may be constructed. For instance, if the inflaton field
identified with the quintessence field, a long kinetic pha
occurred prior to the usual radiation-dominated stage of
pansion@17# ~see also@23# for some other references no
directly related to the present calculation!. The evolution of a
massive curvaton field in quintessential inflationary mod
has been recently studied@9# in the simplest scenario wher
the curvaton field is decoupled from the quintessence fi
and it is minimally coupled to the metric. In order to b
specific, suppose that, as in@17#, the inflaton potential,V(w)
is chosen to be a typical power law during inflation and
inversepower during the quintessential regime:

V~w!5l~w41M4!, w,0,

V~w!5
lM8

w41M4
, w>0, ~4.9!

where l is the inflaton self-coupling andM is the typical
scale of quintessential evolution. The potential of the cur
ton may be taken to be, for simplicity, quadratic. In th
model the curvaton will evolve, right after the end of infl
tion, in an environment dominated by the kinetic energy
w. The curvaton starts oscillating atHm;m and becomes
dominant at a typical curvature scaleHe;m(e i /MP)

2. Due
to the different evolution of the background geometry, t
ratio r (t) will take the form

r ~ t !.m2S e i

MP
D 2S a

am
D 3

, H,Hm ~4.10!

to be compared with Eq.~4.1! valid in the standard case. Fo
t.td , r (t) gets frozen to the valuer d whose relation toe i is
different from the one obtained previously@see Eq.~4.2!#
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and valid in the case whene relaxes in a radiation dominate
environment. In fact, from Eq.~4.10!,

m.
e i

Ar d

. ~4.11!

From the requirement

rk~ td!.m2MP
2S am

ad
D 6

>Td
4, ~4.12!

it can be inferred, using Eq.~4.11!, that

S e i

MP
D 3/2

>r d
3/4S Td

MP
D . ~4.13!

Following the analysis reported in@9#, the amount of pro-
duced fluctuations can be computed. The spatial curva
perturbation can be written, in this model, as

Rk52
H

ẇ21 ė2
@ẇvw1 ėve#, ~4.14!

where

vw5xw1
ẇ

H
F, ~4.15!

ve5xe1
ė

H
F, ~4.16!

are, respectively, the canonically normalized fluctuations
w ande. As discussed in@9# the relevant evolution equation
can be written as

v̈w13H v̇w2
1

a2
¹2vw1F ]2V

]w2
2

1

MP
2a3

]

]t S a3

H
ẇ2D Gvw

2
1

MP
2a3

]

]t S a3

H
ẇ ė D ve50, ~4.17!

v̈e13H v̇e2
1

a2
¹2ve1F ]2W

]e2
2

1

MP
2a3

]

]t S a3

H
ė2D Gve

2
1

MP
2a3

]

]t S a3

H
ẇ ė D vw50. ~4.18!

Solving Eqs.~4.17! and ~4.18! with the appropriate initial
conditions, and using thata3ẇ2/H is constant during the ki-
netic phase, Eq.~4.14! can be written as@9#

Rk~ t !.
H

rk
ėve.

xe

rk

]W

]e
.r dS xk

(i)

e i
D . ~4.19!

Recalling thatxk
(i);H i /(2p), the observed value of the

power spectrum, i.e.P R
1/2;531025, implies
9-8
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S H i

MP
D>1024S Td

MP
D 2/3

. ~4.20!

The same approximations discussed in the standard case
now be applied to the case of quintessential inflation. S
pose thatTd;1 MeV ~i.e. the minimal value compatible
with nucleosynthesis considerations!. Thus, from Eq.~4.20!
H i>10219MP. This estimate has to be compared withH i
>10212 MP which was obtained@see Eq.~4.8!# in the case
when e relaxes to its minimum in a radiation dominate
environment. Suppose now that the decay ofe is purely
gravitational, i.e.G;m3/MP. If this is the case, as previ
ously argued, one could also require thatTd>AHdMP. This
requirement implies that for massesm.10 TeV, H i
.1024m.

V. CONCLUDING REMARKS

In the present investigation the possibility that the ra
between the curvaton energy density and that of the do
nant component of the background sources is constant du
a significant part in the evolution of the Universe. The va
D

ys
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ous estimates of this preliminary analysis seem to sug
that if r 8.0 for a sufficiently long time the obtained curva
ture perturbations present prior to curvaton decay are m
smaller than the value required by observations. The po
bility of having r 8.0 down to sufficiently low curvature
scales would, on the other hand, be interesting to relax
bounds on the minimal inflationary curvature scale, which
the standard scenario~where r 8.0), is roughly H i
.10212MP for the most optimistic set of parameters. If th
bound could be evaded inflation could take place, within
framework discussed in the present paper, also at m
smaller curvature scales. In this sense, the presence
phaser 850 does not alleviate the problem. Furthermore,
r 850 for a sufficiently long time, the final amount of curva
ture perturbations gets drastically reduced.

In a related perspective the case of low-scale quintes
tial inflation has been examined. In this case,r 8.0 and the
background geometry is kinetically dominated down to t
moment of curvaton oscillations. The same argument, le
ing to the standard bound on the minimal inflationary curv
ture scale shows, in this case, that the bounds are a bi
laxed and curvature scalesH i.10219MP become plausible.
.
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